This article continues a line of research aimed at solving an important problem of T. Kobayashi of the existence of compact Clifford-Klein forms of reductive homogeneous spaces. We contribute to this topic by showing that almost all symmetric spaces and 3-symmetric spaces do not admit solvable compact Clifford-Klein forms (with several possible exceptions). Our basic tool is a combination of the Hirzebruch-Kobayashi-Ono proportionality principle with the theory of syndetic hulls. Using this, we prove a general theorem which yields a sufficient condition for the non-existence of compact solvable Clifford-Klein forms.
braic conditions should be satisfied by a discrete subgroup Γ ⊂ G if it yields a compact Clifford-Klein form?
This question is partially motivated by a theorem of Y. Benoist [1] . It was shown in [1] that no nilpotent group can act properly and co-compactly on a non-compact homogeneous space G/H with semisimple G. Note that not much is known about the possible algebraic properties of discrete groups that may yield compact Clifford-Klein forms: the main examples are lattices in closed subgroups L which are reductive in a given reductive Lie group G and their deformations [8, 11] . In our line of thinking, the results of the present article continue [2] . In [2] , we have proved a generalization of Benoist's theorem to solvable Γ under the assumption that G is reductive and H is a semisimple part of a centralizer of a torus in G. It is worth noting that our approach to the problem differs from that of [2] and might be of independent interest. We use a result of T. Kobayashi and K. Ono [14] (which we call the Hirzebruch-Kobayashi-Ono proportionality principle), together with an approach to the Clifford-Klein forms via syndetic hulls [4] . Thus, we combine topological methods with methods of the theory of algebraic groups, in order to understand the algebraic properties of Γ. This combination of methods yields new series of examples of homogeneous spaces G/H with no compact solvable Clifford-Klein forms: these are non-compact absolutely simple symmetric spaces (with four possible exceptions) and non-compact absolutely simple 3-symmetric spaces (in the sense of Wolf and Gray [27, 28] ), with one possible exception. Note that we define a solvable compact Clifford-Klein form Γ\G/H as a quotient of G/H by a discrete solvable subgroup Γ ⊂ G acting properly, freely and co-compactly on G/H by left translations.
Let K be a maximal compact subgroup of G. Choose it in a way that K H = K ∩ H is a maximal compact subgroup of H. Consider the corresponding Lie algebras g, k, h and k H . Take a Cartan decomposition g = k + p. There is an orthogonal (with respect to the Killing form of g)
the Lie algebra cohomology of g (see [9] ).
Theorem 1. Let G/H be a non-compact homogeneous space of a semisimple linear Lie group G. Assume that G/H is of reductive type. Then G/H admits a compact solvable Clifford-Klein form only if the following conditions are all satisfied:
As an application of this theorem, we get the non-existence of solvable compact Clifford-Klein forms for almost all simple symmetric spaces.
Theorem 2. Let G/H be a symmetric space of an absolutely simple non-compact connected linear real Lie group G, and let (g, h)
be the corresponding symmetric pair. If the pair (g, h) is different from (so(n, m), so(n − k, m) ⊕ so(k)), with 0 < n ≤ m; m, n even; k odd, (su(2p, 2q), sp(p, q)), (su(2m − 1, 2m − 1), so * (4m − 2)), (e 6(2) , sp(3, 1)),
then G/H does not admit a solvable compact Clifford-Klein form.
In the same way, we get the following. Let us mention topological obstructions to the existence of compact Clifford-Klein forms found by Y. Morita [17, 18] and N. Tholozan [25] (applicable to the general Kobayashi problem, not only to the solvable compact Clifford-Klein forms). Note that the Hirzebruch-Kobayashi-Ono proportionality principle has already been used in [11, Proposition 4.10] and [14, Corollary 5] .
Finally, let us explain the following. Recall that a discrete group Γ is amenable if it admits a finitely additive probability measure. In the context of this article, the term "amenable" is almost equivalent to "solvable". Indeed, by the Tits alternative if there are no compact solvable Clifford-Klein forms in the considered cases, there are also no amenable ones (because the free group on two generators is non-amenable).
Preliminaries

Homogeneous spaces and their Clifford-Klein forms
Throughout this paper, we use the basics of Lie theory without further explanations. One can consult [10] . We denote Lie groups by G, H, . . . , and their Lie algebras by the corresponding Gothic letters g, h, . . . . The symbol g ℂ denotes the complexification of a real Lie algebra g. We also use relations between Lie groups and algebraic groups following [7, 20, 26] 
is a Lie group with a finite number of connected components. If L is a subgroup of G, then byL we denote the Zariski closure of L.
In this article, we use various results dealing with homogeneous spaces G/H of reductive type. Recall this notion following [11] . By a real reductive linear Lie group we mean a real linear Lie group G contained in a connected complex reductive Lie group G ℂ whose Lie algebra g ℂ is isomorphic to g ⊗ ℝ ℂ. We use without further explanations the notions of the Cartan involution θ and the Cartan decomposition g = k + p. Let H be a closed subgroup of a real reductive linear group G, and let K denote the maximal compact subgroup in G corresponding to k. We say that H is reductive in G and G/H is of reductive type if there exists a Cartan involution θ of G such that G has a polar decomposition H = (H ∩ K) ⋅ exp(h ∩ p) and the connected subgroup H ℂ ⊂ G ℂ corresponding to h ℂ is closed. Note that semisimple linear real Lie groups are reductive. For simplicity, in this article, we assume that G is semisimple and linear.
One has the Iwasawa decomposition g = k + a + n, and, on the Lie group level, the global Iwasawa decomposition G = KAN which is a topological decomposition into a direct product. Using the Cartan involution, one can write the compatible Cartan decomposition h = k H + p H , k H = k ∩ h, p H = p ∩ h on the Lie algebra level, and one can choose a maximal abelian subalgebra a in p so that a H := a ∩ p H is a maximal abelian subalgebra in p H .
Let X be a Hausdorff topological space and Γ a topological group acting on X. We say that an action of Γ on X is proper if, for any compact subset S ⊂ X, the set {γ ∈ Γ | γ(S) ∩ S ̸ = 0} is compact. In particular, this article is devoted to the proper actions of a discrete subgroup Γ ⊂ G on G/H by left translations.
The main result of this article deals with semisimple symmetric spaces. They are homogeneous spaces G/H, where G is a semisimple linear Lie group and H is a closed subgroup in G such that
Here, G σ = {g ∈ G | σ(g) = g} is the subgroup of fixed points of an involutive automorphism σ of G, and G σ 0 denotes the identity connected component of G σ . Note that we do not assume that G/H is Riemannian (this case is well known: Riemannian symmetric spaces always have compact Clifford-Klein forms by a classical result of Borel [3] ). Any symmetric space G/H determines a symmetric pair (g, h). Here, h is the subalgebra of the fixed points of the differential of σ:
Note that, throughout the paper, we denote the differential of σ by the same letter. In the same way, we consider semisimple 3-symmetric spaces, which are defined by a condition similar to (2.1), but with the requirement that σ is an automorphism of G of order 3. These spaces were classified by Wolf and Gray [27, 28] .
Various interpretations of this class as well as its role in geometry are described in [16] . Finally, let us explicitly formulate the basic assumptions on homogeneous spaces G/H valid throughout this article.
Basic assumptions on G/H. We consider homogeneous spaces G/H of semisimple linear and connected real
Lie groups G and closed subgroups H reductive in G, that is, G/H are of reductive type.
Note that every semisimple symmetric space and every semisimple 3-symmetric space is of reductive type. This enables us to freely use all the results proved for this more general class. Although some lemmas and propositions in this paper may be formulated in a more general setting, the reader may keep in mind that they are valid under the basic assumptions.
Hirzebruch-Kobayashi-Ono proportionality principle
In this subsection, we assume that G is a linear semisimple Lie group, H is a closed connected subgroup of G and Γ is a discrete subgroup of G acting freely and properly on G/H. Also, let m := dim G/H. Throughout this paper, we use the relative cohomology H * (g, h, ℝ) (see [9] 
Syndetic hull
We will need the notion of a syndetic hull [4] .
Definition 1.
A syndetic hull of a closed subgroup Γ of a Lie group G is a closed subgroup B of G such that B is connected, B contains Γ and Γ\B is compact.
We will need the following results. Proof. Since G is linear, we can write G = G ℝ ⊂ GL(n, ℝ). Take the identity component L of the Zariski closure ofΓ . Consider Γ := L ∩Γ . We know that Γ has a finite index inΓ . Apply Theorem 5 to L and Γ (in this case, one may take a maximal compact subgroup C in L and a trivial subgroup S = {e} inΓ ).
A Lie cohomology obstruction and proof of (i)
In this subsection, we find an obstruction to compact solvable Clifford-Klein forms using an idea very close to [17, Theorem 1.3] . Assume that G/H is of reductive type, G is linear and semisimple. Assume that it admits a compact solvable Clifford-Klein form Γ\G/H. By Lemma 1, we may assume without loss of generality that Γ has a simply connected syndetic hull B. Let g, h, b be the Lie algebras of G, H, B, respectively. In this subsection, we will use the notion of the cohomological dimension cd ℝ (Γ) of a discrete group Γ. We refer to [11] . By definition, cd ℝ (Γ) = sup{n ∈ ℕ | H n (Γ, A) ̸ = 0 for some left ℝ[Γ]-module A}. that χ(G u /H u ) ̸ = 0 (see for example [24, Theorem 2, p. 217] ), which implies that the Euler class of T(G u /H u ) is not zero by the Gauss-Bonnet-Chern theorem. By Theorem 4, the Euler class e(T(Γ\G/H)) and the Euler characteristic χ(Γ\G/H) also do not vanish.
On the other hand, if Γ is solvable, then, by Lemma 1, we may assume that Γ has a simply connected syndetic hull B. As B is a Lie group and Γ is a discrete subgroup of B, the homogeneous space B/Γ is covered by B, and so the tangent bundle of B/Γ is trivial. Hence χ(B/Γ) = χ(Γ) = 0 (for clear reasons, we assume that Γ is infinite). Comparing this with (3.2) yields a contradiction, and so Γ cannot be solvable.
Proof of Theorem 2
To classify simple symmetric spaces that may admit compact solvable Clifford-Klein forms, we take [22, Table A .1] and a corrected list from [23] of such symmetric spaces that admit proper SL(2, ℝ) actions (if a non-compact semisimple symmetric space admits a compact Clifford-Klein form, it also admits a proper action of SL(2, ℝ); see [22] ). Using Theorem 1 (ii), we exclude rows that contain spaces of maximal rank and rows with spaces that do not admit compact Clifford-Klein forms listed in [18, Table 1 ]. This way, we obtain the following list of symmetric pairs: • exceptional pairs:
(e 6(2) , sp(3, 1)), (e 6(−14) , f 4(−20) ).
• classical pairs: (so(n, m), so(n − k, m) × so(k)), with 0 < n ≤ m; m, n even; k odd, (su(2p, 2q), sp(p, q)), (su(2m − 1, 2m − 1), so * (4m − 2)).
We need the following lemma. Proof. Assume that a symmetric space G/H admits a solvable compact Clifford-Klein form. It follows from Theorem 1 (i) that H 62 (g) ̸ = 0. We see that H * (g, ℝ) ≅ H * (g u , ℝ), g u = e 6 , dim e 6 = 78. The cohomology ring H * (g u , ℝ) has generators in degrees 3, 9, 11, 15, 17, 23 . It follows that H 62 (g u , ℝ) = H 62 (g, ℝ) = 0. This is a contradiction.
The proof of Theorem 2 is complete.
Proof of Theorem 3
First we prove the following lemma. Proof. Assume that SO(4, 4)/SU(1, 2) admits a compact solvable Clifford-Klein form. It follows from Theorem 1 (i) that H n (g, ℝ) ̸ = 0 for n = 16. In the same way, if SO(4, 4)/G 2(2) admits a Clifford-Klein form, then H n (g, ℝ) ̸ = 0 for n = 20. It is well known that H * (g, ℝ) ≅ H * (g u , ℝ), where g u is the compact dual of g. In our case, g u = so(8), dim so(8) = 28. The cohomology ring H * (g u , ℝ) has generators in degrees 3, 7, 11, 7. It follows that H 16 (g, ℝ) = 0 and H 20 (g, ℝ) = 0. We have arrived at a contradiction.
The proof of Theorem 3 is obtained by a combination of Lemma 4, Theorem 1 (ii) and the classification of noncompact 3-symmetric spaces of simple and absolutely simple real Lie groups in [27] and [28, .
